The Complex Permeability of Split-Ring Resonator Arrays Measured at
  Microwave Frequencies by Madsen, Sabrina L. & Bobowski, Jake S.
MADSEN AND BOBOWSKI: THE COMPLEX PERMEABILITY OF SPLIT-RING RESONATOR ARRAYS MEASURED AT MICROWAVE FREQUENCIES 1
The Complex Permeability of Split-Ring Resonator
Arrays Measured at Microwave Frequencies
Sabrina L. Madsen and Jake S. Bobowski
Abstract—We have measured the relative permeability of split-
ring resonator (SRR) arrays used in metamaterials designed to
have µ′ < 0 over a narrow range of microwave frequencies. The
SRR arrays were loaded into the bore of a loop-gap resonator
(LGR) and reflection coefficient measurements were used to de-
termine both the real and imaginary parts of the array’s effective
permeability. Data were collected as a function of array size and
SRR spacing. The results were compared to those obtained from
continuous extended split-ring resonators (ESRRs). The arrays
of planar SRRs exhibited enhanced damping and a narrower
range of frequencies with µ′ < 0 when compared to the ESRRs.
The observed differences in damping, however, were diminished
considerably when the array size was expanded from a one-
dimensional array of N SRRs to a 2× 2×N array. Our
method can also be used to experimentally determine the effective
permeability of other metamaterial designs.
Index Terms—Loop-gap resonator (LGR), metamaterials, per-
meability, split-ring resonator (SRR).
I. INTRODUCTION
THIS paper describes experimental measurements of therelative permeability µ′ − jµ′′ of arrays of planar split-
ring resonators (SRRs) at microwave frequencies. The SRR
array was first proposed by Pendry et al. as an artificial
structure that could be engineered to have magnetic properties
(µ′ < 0) not found in natural materials [1]. A short time later,
a metamaterial with a negative index of refraction was fabri-
cated from a lattice of SRRs and conducting rods. Negative
index materials (NIMs) have an effective permeability µ and
permittivity ε that are simultaneously negative over a narrow
band of microwave frequencies [2], [3]. Metamaterials have
generated a lot of interest due to their potential use in exotic
applications [4], [5].
There are two primary motivators for our present work.
First, Pendry’s initial negative-permeability calculation con-
sidered a pair of concentric conducting sheets arranged in
a split-ring geometry. We will refer to this structure as an
extended split-ring resonator (ESRR) [6]. Pendry et al. argued
that arrays of planar SRRs should approximate the behavior
of the ESRR and an expression for the permeability of the
array was derived. However, the expression was valid only
for a certain set of geometrical constraints that are difficult
to satisfy in practice. For example, their estimate of the SRR
capacitance required the inner radius of the concentric rings
to be greater than the spacing between SRRs. In practical
realizations of a three-dimensional (3D) metamaterial, on the
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other hand, the size of a unit cell is typically greater than the
SRR outer diameter [1].
The second driver of our work has been the fact that extract-
ing meaningful effective parameters from metamaterials has
proven to be challenging, both numerically and experimentally.
The most widely used technique is known as the Nicolson-
Ross-Weir (NRW) method which involves illuminating the
metamaterial with plane waves and analyzing the resulting
scattering parameters [7], [8]. Using this method, there have
been many reports in which either ε′′ or µ′′ have been found to
be negative near the resonant frequency of the metamaterial.
A value of ξ′′ < 0, where ξ is either ε or µ, is counter to
physical intuition because it represents a gain in energy. This
type of behavior has been termed an anti-resonant response
and it has been observed in both numerical and experimental
studies [9]–[12].
Koschny et al. argued that ξ′′ < 0 does not violate
any physical principle so long as there is net dissipation
of the electromagnetic (EM) field by the metamaterial [9].
Furthermore, they argued that ξ′′ < 0 is an intrinsic property
of metamaterials caused by the spatial periodicity of the com-
posite structures [13]. Alitalo et al. applied the NRW method
to aperiodic metamaterial structures, both experimentally and
numerically, and found that values of ξ′′ < 0 persisted. They
interpreted their results as pointing to a deficiency in the NRW
method when applied to microwave metamaterials [12]. This
view was supported by Woodley and Mojahedi who applied
the NRW method to an array of dielectric spheres for which
there is an analytical solution that shows that ε′′ is positive
at all frequencies. In contrast, their numerical studies using
the NRW method found ε′′ < 0 over a narrow frequency
band [14].
Given the questions over the reliability of the NRW method
when applied to metamaterials, alternative methods for ex-
tracting the effective parameters of these structures need to be
developed. Kong and coworkers have developed a method in
which the metamaterial is loaded into a rectangular waveguide
operating in the TE10 mode and the complex reflection and
transmission coefficients are analyzed. As with the NRW
retrieval method, these authors also report an anti-resonant
response [15], [16].
Marque´s et al. [17] have developed a method for measuring
the resonant frequency and magnetic polarizability of a single
resonant element used in the construction of metamaterials.
Their method places the resonator inside of a circular aperture
within a rectangular waveguide. They then make use of a
Lorentz local field theory to deduce the effective parameters
(permittivity and permeability) of a material made from a
regular array of the resonant elements [17]. Our contribution
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is distinct from that of Marque´s et al. because our objective
was to develop and implement an entirely new experimental
method capable of directly extracting the complex permeabil-
ity of complete metamaterial structures consisting of numerous
resonant elements.
A unique feature of our method is that it exposes the
material under test to an RF magnetic field while keeping its
exposure to RF electric fields to a minimum. As pointed out by
Koschny et al., µ′′ > 0 is required in this situation to ensure
net energy dissipation [9]. Therefore, a material found to have
µ′′ < 0 when exposed to EM plane waves would have to
have the unusual property that its magnetic response changes
when exposed to a uniform RF magnetic field. To the best of
our knowledge, such a property has not been experimentally
demonstrated in any of the existing microwave metamaterials.
In this paper we describe the use of loop-gap resonators
(LGRs) to experimentally determine the permeability of both
SRR arrays of various sizes and assemblies of ESRRs. The
paper is organized as follows: Section II provides an overview
of the experimental methods. In particular, it describes how
reflection coefficient measurements of an SRR-loaded LGR
are used to determine the permeability of the SRR array. In
Section III, we present the design of the LGRs, SRRs, and
ESSRs used in our experiments. Section IV shows reflection
coefficient measurements and the corresponding extracted per-
meabilities of SRR arrays and ESRRs. In Section V we discuss
the results and Section VI summarizes the main conclusions.
II. EXPERIMENTAL METHODS
Recently, we have used LGRs to measure electric [18],
[19] and magnetic [20] material properties at microwave
frequencies. LGRs are electrically-small resonators that can
be modeled, approximately, as lumped-element LRC cir-
cuits [21], [22]. In their simplest form, LGRs consist of
a hollow conducting tube with a narrow slit cut along its
length. The slit dimensions set the effective capacitance of the
resonator and the bore dimensions determine its inductance.
Dissipation is determined by the resistivity of the conductor
and energy losses via EM radiation [18]. Typically, a coupling
loop, made by short circuiting the center conductor of a coaxial
cable to its outer conductor, is used to couple signals into and
out of the LGR.
As described in [6], the reflection coefficient |S11| of an
inductively-coupled LGR is determined by the inductance L1
of the coupling loop, the LGR resonant frequency f0 and
quality factor Q0, and M20 /R0, where M0 is the mutual
inductance between the coupling loop and the LGR bore, and
R0 is the effective resistance of the LGR. The value of L1
can be determined from S11 measurements when the coupling
loop is isolated from the LGR (i.e. the M0 → 0 limit). Once
L1 is known, fits to the frequency dependence of |S11| of the
coupled LGR can be used to determine f0, Q0, and M20 /R0.
When the bore of the LGR is partially filled with a magnetic
material, the inductance and, therefore, resonance of the LGR
is modified by the complex permeability µ′ − jµ′′ of the ma-
terial under test. If µ′ and µ′′ are approximately constant over
the frequency range of interest, then µ′ is largely determined
from the shift in resonant frequency and µ′′ by the change in
quality factor [20], [23].
In the case of a metamaterial, however, µ′ and µ′′ are
expected to be strong functions of frequency near f0 of the
LGR. Therefore, to determine the permeability from a fit to
an |S11| measurement, a model for the frequency dependence
of µeff = µ′ − jµ′′ must be adopted. For our measurements
of SRR arrays, we use the model Pendry et al. originally
calculated for ESRRs
µeff = 1− 1− (fs/fp)
2
1− (fs/f)2 − j [γ/ (2pif)]
(1)
where fs is the ESRR resonant frequency, fp is called the
magnetic plasma frequency, and γ is a damping constant [1].
Note that, provided fp > fs, this model guarantees that µ′′ > 0
at all frequencies. Furthermore, it satisfies the Kramers-Kronig
relations for the real and imaginary components of the mag-
netic susceptibility, χeff = µeff − 1 [24], [25].
In the measurements presented in this paper, we first used
the |S11| frequency dependence of an LGR with an empty bore
to determine f0, Q0, and M20 /R0. Next, the bore of the LGR
was partially loaded with an SRR array. Assuming a known
filling factor η, a second |S11| measurement was made and a fit
to its frequency dependence was used to extract the parameters
fs, fp, and γ that characterize the permeability of the SRR
array. All reflection coefficient measurements were made using
an Agilent E5061A vector network analyzer (VNA).
In [6], the expected frequency dependence of |S11| for an
LGR whose bore is partially filled with a negative-permeability
material was calculated. A µeff given by (1) was assumed for
the material filling the bore and the calculation revealed a
reflection coefficient with a double resonance. The frequency
splitting of the pair of resonances as well as their relative
amplitudes and widths were shown to depend on the filling
factor η and the SRR permeability parameters fs, fp, and
γ. We emphasize that the resonant frequency of the meta-
material permeability does not correspond to the either of the
resonances in the |S11| frequency response. The |S11| nulls
are set by the LGR resonant frequency f0, the filling factor,
and the effective permeability of the metamaterial. Finally, [6]
also presented a proof-of-principle sequence of measurements
using a crude ESRR and an existing toroidal LGR [26] to
demonstrate the validity of the experimental method.
In this paper, we apply the experimental methods developed
in [6] to arrays of SRRs of varying sizes using LGRs specif-
ically designed for the measurements. Our first objective was
to verify that the model in (1) could be used to successfully
interpret our SRR array measurements and then to use the
results to characterize the SRR permeability as a function of
array size. Secondly, we wanted to experimentally test to what
extent SRR arrays approximate the behavior of ESRRs, which
was one of the key insights originally proposed by Pendry et
al. [1].
III. LGR, SRR, & ESRR DESIGNS
A. 1-Loop-1-Gap & 2-Loop-1-Gap LGRs
Figure 1 shows the designs of the inductively coupled [27]
1-loop-1-gap and 2-loop-1-gap [28] LGRs used in our experi-
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(b)
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Fig. 1. (a) Schematic drawing of the 1-loop-1-gap LGR cross section with the
critical dimensions labeled (not to scale). The resonator length was 112 mm,
x = 21.6 mm, w = 5.0 mm, and t = 1.3 mm. (b) Schematic drawing of
the 2-loop-1-gap LGR cross section (not to scale). The resonator length was
112 mm, x = 42.7 mm, w = 5.0 mm, and t = 2.0 mm. (c) Photograph
of the 2-loop-1-gap LGR loaded with a 2× 2×N SRR array and the 1-
loop-1-gap LGR loaded with a 1D array of N SRRs. (d) Photograph of the
2-loop-1-gap LGR loaded with a 2× 2 assembly of ESRRs and the 1-loop-
1-gap LGR loaded with a single ESRR. The inductive coupling loops, made
to occupy as much of the bore area as possible, are also visible in (c) and
(d).
TABLE I
TABLE OF THE PARAMETER VALUES EXTRACTED FROM FITS TO |S11| OF
THE 1-LOOP-1-GAP AND 2-LOOP-1-GAP LGRS. THESE RESULTS WERE
OBTAINED WHILE THE LGR BORES WERE EMPTY.
1-loop-1-gap 2-loop-1-gap
L1 (nH) 42.5 87.0
M20 /R0 (nH
2/mΩ) 0.053 0.528
f0 (MHz) 858 652
Q0 49 102
ments. LGRs provided good isolation between the electric and
magnetic fields which are concentrated within the gap and
bore of the resonator, respectively. The critical dimensions
of the 1-loop-1-gap LGR resonator are given in Fig. 1(a).
The corners of the square bore were rounded to avoid large
current densities in these regions. The radius of the corners
was 2.38 mm (3/32 inch). Modeling the LGR as a series LRC
circuit predicts a single resonance with a resonant frequency
given by [6]
f0 ≈ 1
2pi
c
x
√
t
w
≈ 1 GHz. (2)
Figure 1 also shows the design of the 2-loop-1-gap LGR and
the dimensions of the resonator used in our experiments are
given in Fig. 1(b). The 2-loop-1-gap LGR can be designed to
have a resonant frequency that is similar to that of the 1-loop-
1-gap LGR, while having a bore with a significantly larger
cross-sectional area. The 2-loop-1-gap LGR, therefore, allows
us to experiment with larger arrays of SRRs. As shown in
Figs. 1(c) and (d), the 1-loop-1-gap LGR was used to study
one-dimensional (1D) arrays of N SRRs and single ESRRs,
while the 2-loop-1-gap LGR was used to study 2 × 2 × N
arrays of SRRs and 2× 2 assemblies of ESRRs. Investigating
larger array sizes was critical as it allowed us to explore the
importance of intraplane coupling between SRRs.
In Figs. 1(a) and (b), a characterizes the size of an SRR.
The cross-sectional area of the LGR bore occupied by a
single SRR is given by a2. Using the methods described
in Section II, the empty-bore 1-loop-1-gap and 2-1oop-1-gap
LGRs were characterized. The parameter values extracted from
the fits to the |S11| measurements (not shown) are given in
Table I. All fits in this paper were performed in MATLAB
using a nonlinear fitting routine that employs the Levenberg-
Marquardt algorithm. The routine was initiated by providing
starting values for the model parameters. In the case of the
empty-bore LGRs, reasonable starting values were estimated
from the resonator geometry.
B. SRRs & ESSRs
The SRRs used in our experiments were fabricated com-
mercially on FR-4 printed circuit board which has a dielectric
constant of approximately 4.5 at 1 GHz [29]. The design
and dimensions of the SRRs are presented in Fig. 2(a).
The resonance of the SRR was determined by positioning a
coupling loop above the plane of the SRR and using the VNA
to measure the resulting reflection coefficient. The strength of
the coupling was easily tuned by adjusting the height of the
loop above the SRR. The data in Fig. 2(b) were taken after
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Fig. 2. (a) Schematic drawing of the SRR geometry with the critical dimensions labeled (not to scale). The green square with rounded corners represents
the FR-4 circuit board. The thickness of the circuit board was tSRR = 1.54 mm and a = 21.0 mm, r = 5.56 mm, c = 1.91 mm, and d = 0.15 mm. (b)
|S11| as a function of frequency for the SRR. (c) Schematic drawing of the ESRR geometry with the critical dimensions labeled (not to scale). The ESRRs
had r1 = 7.9 mm, r2 = 10.3 mm, and lengths `ESRR of 63 mm, 42 mm, and 19 mm. (d) Photograph of an ESRR made, in part, using copper tape. The
assembly has been pulled apart to expose the different layers of the resonator. (e) |S11| as a function of frequency for ESRRs of three different lengths.
arbitrarily positioning the coupling loop to achieve critical
coupling such that |S11| = 0 at the resonant frequency [27].
As shown in Fig. 1(c), 2×2 planes of the SRRs were fashioned
from a printed circuit board of area (2a)2 with one SRR in
each quadrant of the square surface.
The conceptual design of the extended split-ring resonator
(ESRR) is shown in Fig. 2(c) and the practical realization is
pictured in Fig. 2(d). The concentric conducting sheets were
made using 0.09-mm thick copper tape. The inner sheet was
wrapped around a paper Bakelite tube with an outer radius of
r1 = 7.9 mm (5/16 inch). The copper sheet was cut such that
its ends did not overlap so as to avoid forming a closed con-
ducting loop. A second copper-tape-wrapped paper Bakelite
tube with outer radius r2 = 10.3 mm (13/32 inch) was slid
over top of the first tube. As discussed in Section IV, when
loaded into an LGR bore, the nonmagnetic paper Bakelite
tubes have negligible effect on the LGR resonant frequency
and quality factor. However, the outer tube, with a wall
thickness of 0.9 mm, occupies part of the space between the
conducting sheets. As a result, its dielectric constant and loss
tangent contribute to the capacitance and damping constant of
the ESRR. To ensure that the pair of tubes shared a common
axis, the space between them was filled by wrapping the
inner tube 3.5 times with a continuous length of 0.38-mm
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thick Teflon sheet. Sets of four nearly-identical ESRRs of
three different lengths were made. The resonances of these
structures were characterized by inserting a coupling loop
into the bore formed by the inner conducting sheet and using
the VNA to measure the frequency dependence of |S11|. As
shown in Fig. 2(e), the ESRR resonant frequency decreased
as the resonator length was increased. The curvature of the
magnetic field lines near the ends of the ESRRs results in
a reduced magnetic flux in these regions which lowers the
overall effective inductance of the resonator. This effect is
more pronounced in short ESRRs such that the resonant
frequency increases with decreasing length [21].
The ESRRs were wrapped in Teflon tape before they were
loaded into the LGRs so as to avoid electrical shorts to the
LGR bore and, in the case of the 2 × 2 assemblies, to one
another. As shown in Fig. 1(d), the 2 × 2 structures were
made by placing a row of two ESRRs in the LGR bore and
then stacking a second row of ESRRs on top of the first. The
thickness of the outer layer of Teflon tape was chosen such
that the ESRRs uniformly filled the cross-section of the LGR
bore.
IV. DATA & ANALYSIS
We now present our permeability measurements of SRR
arrays and ESRRs. When SRRs were loaded into the bore of
an LGR, the spacing between adjacent resonator planes was
set using spacers made from paper Bakelite tubes. The tubes
had an outside diameter of 20.6 mm (13/16 inch) and a wall
thickness of 0.9 mm. Placing only a 21-mm long Bakelite
spacer in the bore of the 1-loop-1-gap LGR changed the
resonant frequency by just 0.7 % and, to within experimental
uncertainty, left the quality factor unchanged.
In principle, with L1, M20 /R0, f0, and Q0 known from
previous measurements, the parameters that determine |S11|
of the (E)SRR-loaded LGR are the filling factor η and the
parameters that characterize the permeability of the meta-
material which, as shown in (1), are fs, fp, and γ. In our
fits to the |S11| data of the loaded LGR, the value of η,
determined by the physical size of the SRR array/ESRR,
was fixed. For the 1-loop-1-gap LGR, the filling factor was
simply determined using η = `(E)SRR/`LGR, where the length
of an array of N SRRs is given by `SRR = N (tSRR + `sp).
Here, tSRR = 1.54 mm is the thickness of the printed circuit
board and `sp is the length of the paper Bakelite spacers. As
described in Section IV-B below, the 2-loop-1-gap LGR was
modeled as a toroidal LGR. For this reason, the effective bore
length was assumed to be equal to twice the physical length
of the resonator: `LGR = 224 mm.
In practice, we found that fits to the |S11| data could be
improved if we allowed L1 and M20 /R0, previously deter-
mined from empty-LGR measurements, to be adjusted. This
was accomplished by inserting scaling factors SL1 and SM0
into the loaded-LGR model. The need to scale L1 and M0 is
partially attributed to the fact that the SRR-loaded LGR can
only be approximately modeled using an equivalent lumped-
element circuit. Furthermore, our model does not include the
possibility of direct coupling between the coupling loop and
the SRR array/ESRR which is expected to be important when
the filling factor is large. It is important to emphasize, however,
that the conclusions of this paper are not affected by the
scaling factors. The introduction of the scaling factors, in
some cases, allowed the best-fit curve to better match the
depth of the |S11| minima at the low- and high-frequency
resonances. However, the extracted permeabilities did not
depend significantly on the values of the scaling factors.
To highlight this point, Fig. 3(a) shows the |S11| data for a
1D array of four SRRs fit to two models. The first model
includes the L1 and M0 scaling factors (solid black line)
and the second model fixes SL1 = 1 and SM0 = 1 (dashed
cyan line). In this case, the two best-fit lines are very similar.
The values of the scaling factors extracted from the fit were
SL1 = 0.87 and SM0 = 0.84. The extracted values of fs,
fp, and γ from the two fits differ at most by only 1.3 %.
Figure 4(e) shows the two models fit to the |S11| versus
frequency data of the 2-loop-1-gap LGR when loaded with
four 63-mm long ESRRs. In this case, the model with the
scaling factors (SL1 = 2.0 and SM0 = 2.0) fits the data
significantly better. The additional fit parameters allow the
black curve to more closely match the depth of the low-
and high-frequency resonances. We found that introducing the
scaling factors caused fs, fp, and γ to decrease by 3 %, 15 %,
and 8 %, respectively. The observed changes in µ′ and µ′′ due
to the inclusion of SL1 and SM0 are small enough that the
overall trends in the permeability data are not affected.
In the analysis presented in the following sections, the
scaling factors have been used to produce high-quality fits
to the measured data while still generating reliable µ′ and µ′′
results. Generally, we found that the values of SL1 and SM0
remained stable as the number of SRRs (N) in an array was
increased (see Table II). The only exceptions were at large
filling factors in the 1D arrays which were likely the result of
direct coupling between the coupling loop and nearby SRRs.
The effect of direct coupling was not seen in the 2-loop-1-gap
LGR because the SRR arrays were loaded in the bore that did
not contain the coupling loop. All of these observations are
consistent with the conjecture that the scaling factors help to
compensate for the limitations of the lumped-element circuit
model of the LGR.
A. 1D SRR Arrays
Figure 3(a) shows the measured frequency dependence of
|S11| for the 1-loop-1-gap LGR when loaded with a 1D array
of N SRRs separated by distance a, where 1 ≤ N ≤ 4. A
major advantage of the resonant measurement technique using
LGRs is that the resulting |S11| data are very clean. Figure 3(b)
shows the frequency dependence of µ′ and µ′′ determined from
the |S11| fit parameters.
For all but the N = 1 |S11| data, an additional dip emerges
between the two dominant resonances. This weak feature is
likely caused by an additional resonant mode that emerges
due to couplings between adjacent SRRs in the array. The
permeability model given in (1) will only produce an |S11|
double resonance and is unable to capture this additional
feature. In order to properly fit the measured data, the per-
meability model was expanded. In general, we assumed that
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Fig. 3. (a) |S11| as a function of frequency for the 1-loop-1-gap LGR when loaded with 1D arrays of N SRRs. The spacing between adjacent SRR planes
was a = 21 mm. The solid lines are fits to the data used to extract the permeability of the 1D array. The dashed line is a fit to the N = 4 data when using
fixed values of L1 and M0. (b) The extracted complex permeabilities of the 1D SRR arrays. (c) |S11| as a function of frequency for the 1-loop-1-gap LGR
when loaded with single ESRRs of different lengths. (d) The extracted complex permeabilities of the ESRRs.
µeff = 1 + χeff,1 + χeff,2 + · · ·+ χeff,n which is a model that
still preserves µ′′ > 0 and the Kramers-Kronig relations. In
this expression
χeff,n = − 1− (fs,n/fp,n)
2
1− (fs,n/f)2 − j [γn/ (2pif)]
. (3)
In practice, we have found that µ′ and µ′′ were predominantly
determined by the n = 1 term. As shown in Table II, all of the
other terms had fs,n/fp,n . 1. Therefore, while these terms
are important for capturing features in the |S11| data, their
contribution to µ′−jµ′′ is typically negligible when compared
to the contribution from χeff,1. The only exception is the 1D
N = 4 array in Fig. 3(b) which has comparable features
at a pair of resonance frequencies. For these reasons, the
main conclusions of this work are based on the fit parameters
obtained from the χeff,1 term in µ′ − jµ′′.
Figures 3(c) and (d) show |S11| and the permeability ob-
tained when the 1-loop-1-gap LGR was loaded with ESRRs
of different lengths. The lengths were chosen such that the
filling fractions η = `(E)SRR/`LGR of the SRR and ESRR
measurements were comparable. In the ESRR |S11| data,
the double resonance frequency splitting is greater and the
low-frequency resonance is sharper. These two differences
correspond to a more sharply-peaked permeability and a µ′
that is negative over a larger frequency range. In the limit of
weak damping (γ  2pifs), this frequency range is given by
fp − fs.
B. 2× 2×N SRR Arrays
The measurements of Section IV-A were repeated using a
2-loop-1-gap LGR partially loaded with a 2× 2×N array
of SRRs and sets of four ESRRs (in a 2× 2 arrangement) of
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Fig. 4. (a) |S11| as a function of frequency for the 2-loop-1-gap LGR when loaded with 2 × 2 × N arrays of SRRs. The spacing between adjacent SRR
planes was a = 21 mm. The lines are fits to the data. (b) The complex permeabilities extracted from the data in (a). (c) Same as (a), but with an SRR plane
spacing of 7.8 mm. For clarity, only the data for N = 2, 4, 6, and 8 are shown. (d) The complex permeabilities extracted from the 2 × 2 ×N |S11| data
with an SRR plane spacing of 7.8 mm for N = 1 to 9. (e) |S11| as a function of frequency for the 2-loop-1-gap LGR when loaded with 2× 2 assemblies
of ESRRs of different lengths. The solid lines are fits used to determine the permeabilities of the ESRRs. The dashed line is a fit to the `ESRR = 62.7 mm
data when using fixed values of L1 and M0. (f) The complex permeabilities extracted from the data in (e).
MADSEN AND BOBOWSKI: THE COMPLEX PERMEABILITY OF SPLIT-RING RESONATOR ARRAYS MEASURED AT MICROWAVE FREQUENCIES 8
TABLE II
TABLE OF THE PARAMETER VALUES EXTRACTED FROM FITS TO |S11| OF THE 1-LOOP-1-GAP AND 2-LOOP-1-GAP LGRS WHEN THEIR BORES WERE
LOADED WITH SRR ARRAYS/ESRRS.
N η fs,1 fp,1 γ1/2pi fs,2 fp,2 γ2/2pi fs,3 fp,3 γ3/2pi fs,4 fp,4 γ4/2pi SL1 SM0
(GHz) (GHz) (MHz) (GHz) (GHz) (MHz) (GHz) (GHz) (MHz) (GHz) (GHz) (MHz)
1-loop-1-gap LGR, SRR plane spacing a – Figs. 3(a) and (b)
1 0.20 0.85 0.96 19 1.7 1.6
2 0.39 0.84 0.94 22 1.0224 1.0226 6.9 1.9 1.7
3 0.59 0.83 0.93 26 1.009 1.014 13 1.6 1.5
4 0.78 0.85 0.93 33 1.015 1.031 11 0.87 0.84
1-loop-1-gap LGR, SRR plane spacing 0.69a
1 0.13 0.80 0.97 17 1.8 1.6
2 0.27 0.79 0.92 20 1.0272 1.0277 9.3 1.9 1.7
3 0.40 0.78 0.90 21 1.0072 1.0078 11 1.025 1.027 11 1.9 1.8
4 0.54 0.78 0.89 21 0.988 0.991 15 1.028 1.030 13 1.6 1.5
5 0.67 0.79 0.90 25 0.985 0.993 15 1.034 1.039 13 1.1 1.0
6 0.81 0.79 0.87 26 0.986 0.994 16 1.073 1.092 24 0.46 0.25
1-loop-1-gap LGR, SRR plane spacing 0.37a
1 0.07 0.72 0.95 13 1.7 1.6
2 0.14 0.72 0.90 16 1.8 1.7
3 0.22 0.71 0.87 16 1.01041 1.01043 4.2 1.9 1.8
4 0.29 0.70 0.85 15 0.9891 0.9899 11 1.03365 1.03370 5.5 1.9 1.8
5 0.36 0.69 0.84 15 0.976 0.978 13 1.0126 1.0129 9.1 1.8 1.8
6 0.43 0.69 0.84 15 0.963 0.966 14 0.9933 0.9942 12 1.7 1.6
7 0.51 0.70 0.84 16 0.948 0.953 14 0.9827 0.9847 13 1.4 1.3
8 0.58 0.71 0.85 17 0.941 0.951 14 0.980 0.985 13 0.9 0.9
9 0.65 0.71 0.84 18 0.937 0.948 14 0.990 1.005 28 0.55 0.56
1-loop-1-gap LGR, ESSR – Figs. 3(c) and (d)
0.17 0.50 0.78 1.6 1.4 1.5
0.38 0.56 0.83 3.6 1.1 1.2
0.56 0.49 0.78 4.6 0.83 0.88
2-loop-1-gap LGR, SRR plane spacing a – Figs. 4(a) and (b)
1 0.10 0.57 0.92 4.4 0.9742 0.9744 15 1.142 1.144 137 1.4 1.5
2 0.20 0.64 0.88 6.0 0.9534 0.9537 11 1.107 1.120 125 1.4 1.6
3 0.29 0.67 0.86 7.2 0.9422 0.9424 11 1.058 1.059 28 1.114 1.117 118 1.6 1.5
4 0.39 0.66 0.80 7.2 0.9378 0.9379 7.1 1.043 1.046 23 1.3 1.6
2-loop-1-gap LGR, SRR plane spacing 0.69a
1 0.07 0.51 0.92 3.1 0.9649 0.9650 12 1.132 1.135 117 1.3 1.5
2 0.13 0.58 0.90 5.0 0.9357 0.9359 12 1.115 1.120 171 1.5 1.6
3 0.20 0.61 0.87 6.1 0.9226 0.9230 12 1.096 1.100 156 1.6 1.7
4 0.27 0.63 0.85 6.4 0.9128 0.913 10 1.049 1.050 24 1.102 1.104 123 1.5 1.7
5 0.34 0.64 0.82 6.7 0.9058 0.9062 8.2 1.044 1.046 22 1.0966 1.0986 111 1.5 1.6
6 0.40 0.64 0.80 6.8 0.9004 0.9008 8.1 1.034 1.040 22 1.0918 1.0934 108 1.4 1.6
2-loop-1-gap LGR, SRR plane spacing 0.37a – Figs. 4(c) and (d)
1 0.04 0.40 0.92 1.8 0.96314 0.96317 13 1.133 1.134 112 1.4 1.5
2 0.07 0.49 0.89 3.1 0.9151 0.9153 13 1.107 1.110 150 1.4 1.6
3 0.11 0.52 0.86 4.2 0.8740 0.8744 13 1.067 1.070 96 1.173 1.175 103 1.6 1.6
4 0.15 0.54 0.83 4.4 0.8543 0.8545 12 1.049 1.050 40 1.134 1.139 176 1.5 1.7
5 0.18 0.56 0.78 4.8 0.8389 0.8392 10 1.0239 1.0246 23 1.099 1.102 105 1.4 1.7
6 0.22 0.57 0.78 5.1 0.8292 0.8298 10 1.0100 1.0107 18 1.084 1.088 159 1.5 1.7
7 0.25 0.57 0.75 5.3 0.8200 0.8205 9.9 0.9976 0.9991 18 1.068 1.070 86 1.3 1.6
8 0.29 0.58 0.75 5.6 0.8140 0.8145 9.2 0.9887 0.9913 21 1.069 1.071 108 1.4 1.6
9 0.33 0.58 0.74 6.1 0.8089 0.8095 8.7 0.976 0.980 21 1.084 1.085 71 1.3 1.6
2-loop-1-gap LGR, ESRR – Figs. 4(e) and (f)
0.09 0.37 0.83 1.6 1.056 1.059 128 2.1 2.2
0.19 0.41 0.74 1.9 1.052 1.054 84 2.2 2.2
0.28 0.43 0.69 2.7 1.050 1.051 81 2.0 2.0
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Fig. 5. The χeff,1 fit parameters from Table II for SRR arrays and ESRRs. (a) The damping constant γ/ (2pi) as a function of filling fraction η. (b) The
difference fp − fs, which determines the frequency range over which µ′ is negative, plotted as a function of filling fraction η. In both (a) and (b), open
symbols correspond to measurements made using the 1-loop-1-gap LGR and data obtained using the 2-loop-1-gap LGR are shown using solid symbols. ESRR
results are shown using diamonds. In the legend, a, 0.69a, and 0.37a refers to the spacing between adjacent planes of SRRs.
different lengths. The results are shown in Fig. 4. In Figs. 4(a)
and (b) the spacing between adjacent planes of SRRs was a
and in Figs. 4(c) and (d) the spacing was 0.37a. To achieve
similar filling factors, arrays with reduced spacings required
a larger number of SRRs. When working with SRR plane
spacings of a, 0.69a and 0.37a, the number of SRR planes in
the largest arrays investigated were 4, 6, and 9, respectively.
Note that, for clarity, only a subset of the |S11| measurements
are shown in Fig. 4(c).
In the 2-loop-1-gap LGR, magnetic field lines form closed
loops by passing from one bore of the resonator to the
other [28]. In this way, there is very little magnetic flux outside
of the resonator and it behaves very much like a toroidal
LGR and, therefore, can also be modeled as an inductively-
coupled LRC circuit [26]. Interestingly, comparing Figs. 3(b)
and 4(b) shows the transition from a 1D array of N SRRs
to a 2× 2×N array results in a much more sharply-peaked
permeability. Moreover, both sets of data exhibit more extreme
values of µ′ (positive and negative) than have been reported
in previous experimental measurements [10]–[12], [15], [16].
The suppressed damping constant is likely due to the fact that
the SRRs are effectively enclosed by a conducting shield that
inhibits radiative losses that would be expected in an open,
or unshielded, system [18], [26]. The results from the 2 × 2
ESRR structures are shown in Figs. 4(e) and (f). Remarkably,
the 2× 2 SRR and ESRR data are much more similar to one
another than was found in the case of the 1D SRRs and single
ESRRs.
V. DISCUSSION
Although not shown, we have also measured 1D arrays of
SRRs in which the spacings between the SRR planes were
0.69a and 0.37a and 2 × 2 ×N arrays in which the spacing
was 0.69a. The data for the 1D arrays follow the same trends
shown in Figs. 3(a) and (b) for the arrays with an SRR spacing
of a. Likewise, the 2× 2×N arrays with a spacing of 0.69a
are qualitatively similar to the data presented in Figs. 4(a) –
(d). We note that the measured |S11| data exhibit the features
predicted in the theoretical considerations presented in [6].
In particular, we observe two main resonances with the first
being somewhat near the LGR resonant frequency f0 and
the second at a higher frequency. The parameters extracted
from fits to all of the |S11| measurements are summarized in
Table II. Figures 5(a) and (b) show the permeability parameters
extracted from all SRR array and ESRR |S11| fits as a function
of the LGR bore filling fraction. In these plots, we show only
the parameters extracted from the dominant χeff,1 contribution
to µ′ − jµ′′. The uncertainties in the best-fit parameters are
smaller than the data points used in the figures. The scatter
in the data is predominantly due to small variations in the
parallelism and spacing of the SRRs in the arrays.
First, the damping constant results are considered. In
the original calculation of Pendry et al., the damping con-
stant of an ESRR was shown to be γ = ωδ/r where
ω = 2pif , r = (r1 + r2) /2 is the average radius of the ESRR,
δ =
√
2ρ/ (µ0ω) is the EM skin depth, and ρ is the resis-
tivity of copper [1], [6]. Taking ρ = 1.7× 10−8 Ω m and
f = 0.5 GHz, Pendry’s theory predicts γ/ (2pi) ≈ 0.16 MHz
for the ESRRs used in our experiments. As shown in Table II,
for both the 1-loop-1-gap and 2-loop-1-gap LGRs, the shortest
ESRRs (`ESRR = 19 mm) resulted in γ = 1.6 MHz which is
an order magnitude greater than the expected value.
One reason for the difference is that the calculated value
does not take into account the loss tangent of the paper
Bakelite tube between the concentric copper sheets. Further-
more, the calculated damping constant does not consider EM
radiative losses [18], [26]. Placing the ESRR inside the bore
of a conducting LGR is expected to suppress the radiative
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losses. As the length of the ESRR is increased, one expects the
shielding by the LGR bore to become less effective and, hence,
the damping constant to increase. The diamond data points in
Fig. 5(a) show that γ/ (2pi) increases approximately linearly
with filling fraction. Furthermore, the γ values extracted from
measurements made using the 1-loop-1-gap and 2-loop-1-gap
LGRs follow a consistent trend.
Pendry’s calculation for the SRR array damping constant
showed that γ ∝ `SRR [1]. Therefore, one expects γ to
increase as the spacing between adjacent SRR planes is
increased. Our analysis of 1D and 2 × 2 × N SRRs shows
that, for similar values of η, γ increases as the SRR spacing
is increased from 0.37a to a (see Table II). However, it is
immediately clear that the 1D SRR arrays have values of γ
that are up to an order of magnitude greater than those of the
ESRRs. On its own, this observation is not remarkable. After
all, the SRRs were fabricated on an FR-4 dielectric while the
ESRRs were made using paper Bakelite tubes. These materials
will have different loss tangents and there is no reason to
expect the two structures to have similar γ values.
The most striking observation is that the 2 × 2 × N SRR
arrays have a damping constant that is significantly lower than
that of the 1D arrays. We speculate that the reason for the
dramatic difference is that, in the case of the 2× 2×N array,
the magnetic flux from a single SRR can couple to resonators
in adjacent planes as well as to neighboring resonators within
its own plane. In contrast, an SRR in a 1D array can only
couple to resonators in adjacent planes. As a result, the 1D
array is less efficient at exchanging energy between resonant
elements within the metamaterial structure and hence exhibit
enhanced losses. If this argument is correct, then γ would
be expected to be even lower in 3 × 3 × N arrays of SRRs.
The importance of coupling between SRRs has been noted and
systematically studied by Gay-Balmaz and Martin in structures
that contained up to six resonators [30].
Recall that fp − fs determines the range of frequencies for
which µ′ < 0. Figure 5(b) shows that there is reasonably
good consistency between the fp − fs results obtained from
the 1D and 2× 2×N SRR arrays. These values, however,
fall below what was found for the ESRRs (diamond data
points). For sufficiently large arrays (η & 0.4), we find that
fp − fs is approximately constant, which is one of the
predictions by Pendry et al. Another of their predictions is that
fs ∝
√
`SRR [1]. The fs,1 column of Table II clearly shows an
SRR resonant frequency that decreases as the spacing between
the SRR planes is reduced. This observation holds for both the
1D and 2× 2×N arrays.
For the 2×2×N arrays, Figs. 4(b) and (d) for array spacings
of a and 0.37a show that µ′ and µ′′ evolve in a systematic way
as the number of SRR planes (N) in the array is increased.
In particular, fs and γ both increase with increasing N .
However, once a threshold value of N is reached, the effective
permeability of the array becomes relatively insensitive to
further increases in the number of SRR planes. Although the
data are not shown graphically, Table II shows that 2× 2×N
arrays with a spacing of 0.69a follow a similar trend. For the
array with an SRR spacing of 0.37a, Fig. 4(d) shows that the
threshold value of N is approximately six. For the array with
an SRR spacing of a, the threshold value of N is as low as
three or four. These data suggest that, for the 2×2×N arrays
that we studied, we have reached array sizes that approximate
reasonably well the behavior that would be expected for an
infinitely long SRR array.
VI. CONCLUSIONS
We have developed a new experimental method for de-
termining the complex effective permeability of microwave
metamaterials. In our method, the bore of an LGR is partially
filled with the metamaterial and a VNA is used to measure
the reflection coefficient from the inductively-coupled LGR.
Using an assumed model for µ′ − jµ′′ of the metamaterial,
the |S11| versus frequency data are fit to extract the parameters
characterizing the permeability. We applied our method to 1D
and 2 × 2 × N arrays of SRRs and compared the results to
those obtained from ESRRs and to theoretical predictions.
In order to capture all of the features present in the |S11|
measurements, we had to extend the permeability model that
was developed by Pendry et al. for SRR arrays. The modified
model still ensures that µ′′ > 0 at all frequencies and
satisfies the Kramers-Kronig relations for magnetic suscep-
tibility. We found, however, that the additional terms in the
extended model did not contribute in a significant way to the
experimentally-extracted permeabilities of the SRR arrays.
The bore of the LGR acts as an EM shield such that
radiative losses from the SRR arrays were suppressed and
we observed very low damping and extreme values of µ′ and
µ′′. In agreement with the theory of Pendry et al., we found
SRR array resonant frequencies and damping constants that
increased as the spacing between SRR planes was increased.
When compared to the 1D SRR arrays, the 2×2×N arrays
exhibited far less damping. We speculate that this effect is the
result of intraplane coupling between SRRs. Finally, for the
2× 2×N arrays, fp − fs initially decreased and γ increased
as the number of SRR planes in the array was increased.
However, once a threshold value of N was reached, the
extracted permeability became insensitive to further increases
in the array size. This suggests that, for the largest arrays
studied, we observed the intrinsic behavior that would be
expected for an infinitely long array of 2× 2 SRR planes.
In future work, we plan to measure the permeability of
arrays of conducting rods, or cut wires, which have been
reported to exhibit anti-resonant behavior when exposed to
EM plane waves [9]. We can also study the magnetic response
of negative-index metamaterials made from a lattice that
combines SRRs and cut wires. It should also be possible to
investigate 3× 3×N metamaterial structures using a 3-loop-
2-gap LGR with a larger bore size [31], [32]. Finally, we point
out that 3D EM simulations of our experimental setup could
be used to investigate the origin of the additional resonant
modes that were observed in our measurements. Furthermore,
these simulations could lead to additional insights concerning
the importance of intraplane coupling in the 2× 2×N SRR
arrays.
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